Abstract. A systematic search for large primes has yielded the largest Fermat factors known.
Introduction
Over the last two years, the author has done a systematic search for large primes of the form N = k • 2 n + 1. These primes were then checked to determine if they were Fermat factors. This search has resulted in finding the largest known primes of this type.
Implementation
The test used to determine whether a given N is prime is Theorem 102 from Hardy and Wright [2] . This theorem states.
Let n ≥ 2, k < 2 n and N = k • 2 n + 1 be a quadratic nonresidue (mod p) for some odd prime p. Then the necessary and sufficient condition for N to be a prime is that
The program was coded in FORTRAN 77 and run on the CRAY-ELS computer system. This is the entry level system from Cray Research, Inc. It has the full functionality of the larger systems used to find the largest known Mersenne primes, but runs with a 30ns clock.
The first task in showing that N is prime is to find a prime p for which N is a quadratic non-residue. This was done by simply trying the primes in order until a suitable value was found. In all cases, we never had to use a prime greater than 37.
Because of the special form k • 2 n + 1 of N, the computation of p (N −1)/2 ≡ −1 (mod N ) consists mostly of repeated squaring of numbers with n + log 2 (k) bits. The squaring was done via the usual Schoenhage-Strassen multiplication algorithm using FFTs. The reduction (mod N ) was accomplished by doing a single-precision divide of the upper half of the squared result by k. To see why this is sufficient, let
Then we have the following:
The single-precision divide of A by k can thus be used instead of a more complicated algorithm such as Algorithm D from Knuth [3] .
Results
The author searched the following areas for primes: All eight of these primes are larger than the previously largest known Fermat factor 5 • 2 23473 + 1 which divides F 23471 .
Error analysis
There are several ways errors can occur in this search:
(1) An invalid sieve is used and some potential candidates for the primality test are skipped.
(2) A number is declared prime which is really composite. (3) A number is declared composite which is really a prime. All pairs (k, n) which were removed via the sieve were then checked with another program written in C and run on a SPARCstation 5. With different hardware and software, we are confident that type-1 errors did not occur.
Several of the numbers reported below (including two of the Fermat factors) were checked by Harvey Dubner using his own software and the Cruncher. We feel that this type of confirmation eliminates type-2 errors.
As for type-3 errors, there is really no way of knowing if they have occurred unless the entire search is rerun and compared against the original residues. However, Harvey Dubner has also checked several composites and we agree on the final residues. We feel that this minimizes the chances of a type-3 error.
When using the FFT squaring technique, care must be taken to avoid overflow and underflow conditions. The CRAY library routines SCFFT and CSFFT were used. These routines have been analyzed previously by Cray Research to determine the maximum number of bits per word which were recoverable for a given length vector. After squaring, a checksum was calculated for further assurance of correctness.
The reduction step can also be checksummed. Let b = bits per word. From above, we have X = 2 n R + (B − Q) + QN.
And so,
, where C t ≡ t (mod 2 b − 1). Now C t can be quickly calculated by adding the elements of the vector which comprises t and folding it every b bits.
